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. Abstract 
^ . 

We present an 84, flavor model to unify quarks and leptons in the framework of the SU (5) 
GUT. Three generations of 5-plets in SU{5) are assigned 3i of ^4 while the first and 
^ ■ the second generations of 10-plets in SU{5) are assigned to be 2 of ^4, and the third 

generation of 10-plet is to be li of S4. Right-handed neutrinos are also assigned 2 for the 
^1^' first and second generations and li for the third generation, respectively. Taking vacuum 

alignments of relevant gauge singlet scalars, we predict the quark mixing as well as the 
tri-bimaximal mixing of neutrino flavors. Especially, the Cabbibo angle is predicted to be 
15° in the limit of the vacuum alignment. We can improve the model to predict observed 
^ ' CKM mixing angles. 

o 

^ ■ 1 Introduction 
^' 

O I Neutrino experimental data provide an important clue for elucidating the origin of the ob- 
served hierarchies in mass matrices for quarks and leptons. Recent experiments of the neu- 
trino oscillation go into a new phase of precise determination of mixing angles and mass 
squared differences [1] , which indicate the tri-bimaximal mixing for three flavors in the lep- 
\ ton sector [2]. These large mixing angles are different from the quark mixing ones. Therefore, 
I it is important to find a natural model that leads to these mixing patterns of quarks and 
leptons with good accuracy. 

Flavor symmetry is expected to explain the mass spectrum and the mixing matrix of 
quarks and leptons. In particular, some predictive models with non-Abelian discrete flavor 
symmetries have been explored by many authors. Among them, the tri-bimaximal mixing of 
leptons has been understood based on the non-Abelian finite group A4, [3]-[23] because these 
symmetries provide the definite meaning of generations and connects different generations. 
On the other hand, much attention has been devoted to the question SU{5) whether these 
models can be extended to describe the observed pattern of quark masses and mixing angles, 
and whether these can be made compatible with the SU{5) or 5*0(10) grand unified theory 
(GUT). 
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Recently, group-theoretical arguments indicate that the discrete symmetry S4 is the min- 
imal flavor symmetry compatible with the tri-bimaximal neutrino mixing [25]. Actually, the 
exact tri-bimaximal neutrino mixing is realized in the S4 flavor model [26]. Thus, the 5*4 
flavor model is attractive for the lepton sector. [2Z]-[SI] Although an attempt to unify quark 
and lepton sector was presented towards a grand unified theory of flavor [2S], mixing angles 
are not predicted clearly. In this work, we present an 5*4 flavor model to unify the quarks 
and leptons in the framework of the SU (5) GUT. 

2 Prototype of ^4 flavor model in SU{b) GUT 

We present the prototype of the 6*4 flavor model in the SU{5) GUT to understand the 
essence of our model clearly. We consider the supersymmetric GUT based on SU{5) The 
flavor symmetry of quarks and leptons is the discrete group 5*4 in our model. The group 
is the permutation group of four distinct objects [32l [33]. It is isomorphic to the symmetry 
group of regular octahedron. It has 24 distict elements and has five irreducible representations 
li, I2, 2, 3i, and 32. 
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Table 1: Assignments of S'f/(5), 5*4, and Z4 representations, where the phase factor uj is i. 

Let us present the model of the quark and lepton flavor with the S4 group in SU{b) 
GUT. In S'[/(5), matter fields are unified into a 10(gi, m'^, e'^)^ and a 5{d'',le)L dimensional 
representations. Three generations of 5, which are denoted by Fi, are assigned by 3i of S4. 
On the other hand, the third generation of the 10- dimensional representation is assigned by 
ll of 5*4, so that the top quark Yukawa coupling is allowed in tree level. While, the first 
and the second generations are assigned 2 of S4. These 10-dimensional representations are 
denoted by T3 and (Ti,T2), respectively. Right-handed neutrinos, which are SU{5) gauge 
singlets, are also assigned li and 2 for A"^ and (A'g, A"^), respectively. 

We introduce new scalars Xi addition to the 5-dimensional and 5-dimensional Higgs 
of the SU{5), H5 and ifg which are assigned li of 5*4. These new scalars are supposed 
to be SU{5) gauge singlets. The xi scalar is assigned li, {x2,X3)y (X4;X5) are 2, 
(X6,X7,X8), (X9,Xio,Xii), and (xi2, Xi3, Xm) are 3i of the S4 representations, respectively. 
The Xi and {x2, Xs) scalars are coupled with the up-type quark sector, (^4, X5) are cou- 
pled with the right-handed Majorana neutrino sector, (xg? Xr^ Xs) are coupled with the Dirac 
neutrino sector, (xqjXicXh) and (xi2, XiS; X14) are coupled with the charged lepton and 
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down-type quark sector, respectively. We also add Z4 symmetry in order to obtain relevant 
couplings. The particle assignments of SU{5), S4, and Z4 are summarized Table 1. 

We can now write down the superpotential at the leading order in terms of the cut off 
scale A, which is taken to be the Planck scale. The SU{5) invariant superpotential of the 
Yukawa sector respecting S4 and Z4 symmetries is given as 

^m5) = ViiTi, T2) ® (Ti, T2) ® xi ® H,/A 

+ yl^{Ti, T2) ® (Ti, T2) ® (X2, Xs) ® H,/A + y^T, ®T^®H^ 

+ y^(A^:,A^;)®(A^:,A^^)®(X4,X5) 

+ 2/2'' A^r ® (^1, F2, F-s) ® (X6, X7, Xs) ® i^s/A 

+ F2, F3) ® (Ti, T2) ® (X9, Xio, All) ® ^s/A 

+ y2(i^i, i^2, i^s) ® T3 ® (xi2, Xi3, X14) ® H-^/A, (1) 

where Mi and M2 are mass parameters for right-handed Majorana neutrinos, and Yukawa 
coupling constants yf and yi are complex in general. By decomposing this superpotential into 
the quark sector and the lepton sector, we can discuss mass matrices of quarks and leptons 
in following sections. 



3 Lepton sector 



At first, we begin to discuss the lepton sector of the superpotential Wg^^^^. Denoting Higgs 
doublets as hu and hd, the superpotential of the Yukawa sector respecting the 6*4 x Z4 sym- 
metry is given for charged leptons as 



wi = yi 



+ y2T''ileXl2 + lf,Xl3 + lTXlA)hd/A. 

For right-handed Majorana neutrinos, the superpotential is given as 

wn = Mi{NlNl + A^^A^^) + M^N'^N'^ 

+ [(A^^A^^ + a^;a^:)x4 + (a^:a^: - a^^a^^)x5] 

and for neutrino Yukawa couplings, the superpotential is 

-^(^mA7 - ItX&) + "^*^~^^^A'6 + IfiXi + hx&) 



Wd 



K/A 



+ y^KileXd + 1^X7 + lrX8)hu/A. 



(2) 



(3) 



(4) 



Higgs doublets h^, hd and gauge singlet scalars Xi? are assumed to develop their vacuum 
expectation values (VEVs) as follows: 

{hu) = Vu, {hd) = Vd, ((X4, X5)) = (^4, ^^5), ((X6, X7, Xs)) = {ue, uj, us), 

{{X9, AlO, All)) = (^9, ^10, ^11), ((A12, X13, A14)) = (^^12, ^13, ^m), (5) 
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which are supposed to be real. Then, we obtain the mass matrix for charged leptons as 

/ aio/v/2 -«ii/v^\ / \ 

Ml = yiVd -2ag/VQ aio/V6 au/VQ + y2Vd 0, (6) 

\ / \"12 "13 "14/ 

while the right-handed Majorana neutrino mass matrix is given as 

'Ml + y^a^A y^a^A \ 
Mn = I y^'a^A Mi - y^'a^A , (7) 
Ms/ 

and the Dirac mass matrix of neutrinos is 

07/^2 -tts/VS^ 
Md = yiVu I -2ae/VQ ar/VQ as/VQ | + y2Vu | | , (8) 


where we denote = Ui/A. 

Let us discuss lepton masses and mixing angles by considering mass matrices in Eqs.(l6]), 
([7]) and ([8]). In order to get the left-handed mixing of charged leptons, we investigate M/M;. 
If we can take vacuum alignments {ug,Uio,Uii) = (m9,Mio,0) and (mi2, M13, W14) = (0,0,^14), 
that is ail = "12 = "13 = 0, we obtain 

(|biP«9 -||?/ipa9«io \ 
-llz/ilWio ilz/i|'«?o , (9) 

||/2P«?4/ 

which gives ^13 = = 0, where 9lj denote left-handed mixing angles to diagonalize the 
charged lepton mass matrix. Since the electron mass is tiny compared with the muon mass, 
we expect ag -C cnio and then we get the mixing angle ^12 as. 



tan^i^^--^, (10) 

2Q!io 



and charged lepton masses. 



9 -^1 |222 2 ^1 |22 2 "^1 |222 |22 2 2 i |22 2 

~ 2^yi\ "9^d . ~ glyil "lo^d + glz/irag^'d ~ 3I2/1I "lo^'d . "^r = ml aiiVd ■ (H) 
Therefore, the mixing of is estimated as 

tan^l2 ~ ~ 2.8 X 10-^ 12 

which is negligibly small. Hereafter, we do not consider the mixing from the charged lepton 
sector. 
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Taking vacuum alignments (m4,M5) = (0,^5) and {uq,U'i,us) = {uq,uq,uq) in Eq.Q. By- 
using the seesaw mechanism Mj, = MJ^M^^Md, the left-handed Majorana neutrino mass 
matrix is written as 



where 



(1/2 "e^'n) 




3 3 3 

36 a + |6+|c a + |6 — ic 

b a + k6 — a + 7;b+^cj 



M2 ' Ml - y^a^A 

The neutrino mass matrix is decomposed as 

'1 0\ o , /I 1 1 



.0 1, 




which gives the tri-bimaximal mixing matrix f/tri-bi and mass eigenvalues as follows: 

\ 



tri-bi 



1 1 ^_ 

V~76 73 73 / 



mi 



7712 = 3a 



7713 = c . 



(13) 



(14) 



(15) 



(16) 



4 Quark sector 

In this section, we discuss quark sector of the superpotential Wg^^g^. For up- type quarks, the 
superpotential of the Yukawa sector with S4 x Z4 is given as 



+ y2 [Wq2 + c'gi)X2 + {u^qi - c^q2)x-i\ K/ A + y^fq^K. 
For down-type quarks, we can write the superpotential as follows: 



(17) 



Wd = yi 



+ y2{d''xi2 + s^xn + b^Xu)qzhd/A. 



2(rx9 + s^xio + b''xii)(l2 



hd/A 



We assume that scalar fields, Xi? develop their VEVs as Ui. Then, the mass matrix for up-type 
quarks is given as 

^y^ai + y2Ct3 y2^2 

y^a2 y?"! " 2/2«3 1 , (19) 
ylj 

and the down-type quark mass matrix is given as 



-2a9/V6 
aio/V2 aio/y/6 
-au/\/2 au/\/Q 










«12\ 


+ y2Vd 1 








«13 




^0 





ttl4/ 



(20) 



Let us discuss mixing of the quark sector. For up-type quarks, if we take 




as = 0, y^ai = y^aa, (21) 
which will be reexamined to get observed CKM mixing angles in section 5.2, then we have 

Mu = Vu\ y'tai y^ai | , (22) 


which is diagonalized by the orthogonal matrix Uu 

sin 45° 0^ 

Uu = I - sin 45° cos 45° | . (23) 
1, 

For down-type quarks, putting an = ai2 = ctis = 0, which is the condition in the charged 
lepton sector, we have 

mJm, = vl ^,\yi\'ai, l\yi\HH + «?o) . (24) 
V \y2\'alJ 

Then, the mass matrix is diagonahzed by the orthogonal matrix Ud as 

/ cos 60° sin 60° 0\ 
[/d= -sin60° cos 60° , (25) 

V i; 

where the small ag is neglected. 

Now, we get the CKM matrix as follows: 

cos 15° sin 15° 0\ 
V^^^' = UlUd= \ -sml5° cos 15° . (26) 

1/ 

Therefore, in our prototype model of SU{5) GUT with the 5*4 flavor symmetry, the quark 
sector has a no n- vanishing mixing angle 15° only between the first and second generations 
while the lepton flavor mixing is tri-bimaximal. In order to get the non- vanishing but small 
mixing angles V^^'^^ and V^^*^, we improve the prototype model in the next section. 



5 Improved S4, flavor model in SU{b) GUT 

We improve the prototype model to get the observed quark and lepton mass spectra and the 
CKM mixing matrix. We introduce the SU{5) 45-dimensional Higgs /i45, which is required to 
get the difference between the charged lepton mass spectrum and the down-type quark mass 
spectrum. Moreover, we add an S'4 doublet (X25X3) and an S4 triplet (Xg? Xic Xii); which 
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/145 


(X2, Xs) 


(X9>Xio.Xn) 


SU{5) 


45 


1 


1 




li 


2 


3i 








00^ 



Table 2: Assignments of additional scalars in SU{5), S4, and Z4 representations. 

are SU{5) gauge singlet scalars. These assignments of SU{5), 6*4, and Z4 are summarized 
Table 2. Since the additional scalars do not contribute to the neutrino sector, the result of 
the neutrino sector in the prototype model is not changed. Therefore, we discuss only the 
charged lepton sector and the quark sector in this section. 

The superpotential of the Yukawa sector respecting the SU{5), S4 and Z4 symmetries is 
given as 

W5C/(5) =«^5f/(5)+^SC/(5)' (27) 

where we denote 

+ y[{Fu F2, F3) ® (Ti, T2) ® (x'g, x'lo, X'li) ® /^45/A. (28) 



5.1 Improved lepton sector 

Masses and mixing angles of the charged lepton sector are similar to those of the prototype 
model in Eqs. (fTT]) and (fT2|) . If we can take the vacuum alignments (wg, mio, mh) = (wg, mio, 0), 
(m9,^0)'"ii) = (""g'^D'O) (mi2,mi3,mi4) = (0,0, M14), that is an = a'^^ = au = "13 = 0, 
we obtain charged lepton mass matrix as follow: 

/ (yiaio - 3yia;o)/V2 \ 

Mi = vA -2(2/iag - 3yia',)/VQ (yiftio - ^ia[o)/VQ , (29) 
\ Z/2ai4/ 

where we replace ?/if45 with yiv^. Masses and mixing angles of the charged leptons as follows: 



1^12! 



yiag - Syia'g 



— — ^ 2.8 X lo-^ ^23 = 0, e\^ = o. (30) 

Thus, the charged lepton mass matrix is almost diagonal, and so the tri-bimaximal mixing 
of neutrino flavors is also realized in this improved model. 



5.2 Improved quark sector 

Let us discuss the quark sector of the superpotential wsu{5)- For up-type quarks, the mass 
matrix is given as 

V"l + 2/2"3 2/2«2 2/4"2' 

Mu = Vu\ ?/2«2 ViOii - y^as yla'^ | , (31) 

?/4«2 l/4«3 1/3 
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while the down-type quark mass matrix is given as 

-2a9/v^ 0' 

^—a\\l\f2 aii/\/Q 
-2a'^/^/Q 










ttl2\ 


+ y2Vd 1 








«13 




^0 





"14/ 



(32) 



We consider the quark mixing. The up-type quark mass matrix fl3Tl) turns to the following 
one after rotating by = 45°: 



y2a3 



1/2 "2 



(33) 



Vft(«2-«3) ^(«2 + «3) 1/3 

In order to obtain the non- vanishing quark mixing of V^^^^ and ^Jfe"^*^, we take 

?/2«3 > l/r«i, l/2«2, "2 = «3, (34) 

which are realized by vacuum alignments = 0, {u2iU^) = (0,%) and iu2,u'^) = (m2,M2). 
This situation of VEVs is completely different from that of the prototype model as seen in 

Eq. (l2Tl) . in which V^^'^ and V^^^^ vanish. Then, we obtain the so-called Fritzsch-type mass 
matrix [3l] 

/ y^as \ 

^ Vu y^as v^y^a'^ . (35) 

V v^i/4"a'2 J 

As well known, the complex phases in this 3x3 matrix can be removed by the phase matrix 
P as P^MuP] 

'10 

e-'P 
,0 e-*'" 



P 



(36) 



Therefore, up-type quark masses are 



y^yfal 



u2^J 2 



2yl'a\ 



rrir 



2yf ,2 



-On 



^3 



Vu m = \y3\vu, 



(37) 



and the mixing matrix to diagonalize in Eq. fl35l) . Vp (M^ 



diagonal 



V^MM, is 



m t 



(38) 



^One may consider to remove xii which is ^4 singlet, in our scheme. 
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The conditions from the lepton sector an = a'n = au = ais = give the down-type 
quark mass matrix: 

/ -2{yiag + yia'g)/VQ \ 

Md = Vd (yiaio + yia'io)/v^ (?/i«io + yi«'io)/v^ , (39) 

\ y2«14/ 

where we denote yiVd = y'lV^^. Then, down-type quark masses are given as 

~ ^biag + J/i^gP^d , ^1 ~ ^Iz/ittio + yia'iol^^d > ^1 ~ lz/2paL^d . (40) 
and the mixing angle is 60° -|- 66 f 2, where 

^ _ V%i«9+Ml! = ^ _i.5 X lO-l (41) 

Therefore, is almost 60°. 

Let us discuss the CKM matrix. The unitary matrices diagonalizing the up-type quark 
mass matrix and the down-type quark one, Uu and Ud are given, respectively, 

cos 45° sin 45° 0\ /l 
?7«=|-sin45° cos45° e-'P 
1/ \0 e^"" 

cos 60° sin 60° 0\ 

Ud = \- sin 60° cos 60° . (42) 
1/ 

Since the CKM matrix is given as UlUd, we obtain the relevant CKM mixing as 




V 

us 



CKM I 



sinl5° -cosl5°W— e^" 
rrir 



' y nit ' y mt 



In the limit of neglecting the CP violating phase, p = 0, putting typical values at the GUT 
scale ruu = 1.04 x 10"^GeV, rric = 302 x 10~^ GeV, rrit = 129GeV, which are derived in Ref. 
[2S], we predict 

|y™|= 0.202, \V2™\=0MS, 1^,^,^^1= 0.003. (44) 

By adjusting the non-zero phase p = 50°, we can get the central value of the observed Cabbibo 
angle 0.226. Another phase a is still a free parameter. 



6 Summary 

We have presented a flavor model with the 5*4 symmetry to unify quarks and leptons in the 
framework of the SU{5) GUT. Three generations of 5-plets in SU{5) are assigned 3i of S4 
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while the first and the second generations of 10-pIets in SU (5) are assigned to be 2 of 6*4, and 
the third generation of 10-plet is to be li of 6*4. These assignments of 5*4 for 5 and 10 lead to 
the different structure of quark and lepton mass matrices. Right-handed neutrinos, which are 
SU{b) gauge singlets, are also assigned 2 for the first and second generations and li for the 
third generation, respectively. These assignments are essential to realize the tri-bimaximal 
mixing of neutrino flavors. Vacuum alignments of scalars are also required to realize the 
tri-bimaximal mixing of neutrino flavors. Our model predicts the quark mixing as well as 
the tri-bimaximal mixing of leptons. Especially, the Cabbibo angle is predicted to be 15° in 
the limit of the vacuum alignment. We improve the model to predict observed CKM mixing 
angles. The deviation from 15° in |V^^™|, the non- vanishing and jV^^^^I are given 

by up-type quark masses. 
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